In this paper we give a splitting criterion for uniform vector bundles on Fano manifolds covered by lines. As a consequence, we classify low rank uniform vector bundles on Hermitian symmetric spaces and Fano bundles of rank two on Grassmannians.
Introduction
It is classically known that every vector bundle on the projective line splits as a sum of line bundles, and hence it is determined, up to isomorphism, by a list of integers, usually called its splitting type. It is then natural to consider restrictions to lines in order to study vector bundles on projective spaces. Although the situation for spaces of dimension bigger than or equal to two is much more involved, one may obtain partial classification results after restricting to certain classes of vector bundles. One of the classes that has been studied more extensively is that of uniform vector bundles, namely those in which the splitting type is independent of the chosen line.
Starting from [28] , classification of uniform vector bundles on P n has been developed in a series of papers showing first that if the rank is smaller than n, then the vector bundle splits as a sum of line bundles (cf. [28] for rank two and [25] or [23] , Theorem 3.2.3, for any rank), and characterizing the cases of rank n (see [11] ) and n þ 1 (see [12] and [5] ). In these low rank cases the only uniform vector bundles are constructed upon T P n and line bundles by basic operations (tensor products, symmetric or skew-symmetric powers and direct sums).
Similar results have been obtained for uniform vector bundles on other projective varieties swept out by lines (for which the notion of uniformity still makes sense) like quadrics (see [19] , Section 4 and [4] ) and Grassmannians (see [14] ). Given one of these varieties, one would like to compute first its splitting threshold, that is the maximum positive integer u such that any uniform vector bundle of rank smaller than or equal to u splits as First and third authors partially supported by the Spanish government project MTM2006-04785. Second author partially supported by MIUR (PRIN project: Proprietà geometriche delle varietà reali e complesse). a sum of line bundles, and then classify the low rank cases. For instance, on Grassmannians the only uniform vector bundles of rank u þ 1 which do not split as a sum of line bundles are twists of the universal quotient bundle or its dual. These classical results are based on the so called standard construction which uses the universal family of lines in X to produce a uniform vector subbundle of the vector bundle E in such a way that an induction procedure on the rank works.
More generally, one may consider the problem of classifying uniform vector bundles on smooth complex projective varieties X dominated by an unsplit family M of rational curves. In the framework of the general theory of rational curves (cf. [20] ) the standard construction has a clear geometrical interpretation-see the proof of Theorem 3.1-allowing us to deal with other uniruled varieties. In this way, we get a splitting criterion written in terms of the cohomology groups of the family M x of curves of M by x A X , see Theorem 3.1. Moreover, in certain cases, it can be expressed in terms of properties of the variety of minimal rational tangents to X (see Corollary 3.7).
Our criteria may be applied to obtain bounds on the splitting threshold for uniform vector bundles on many Fano manifolds of Picard number one. In this paper we have tested our techniques on irreducible Hermitian symmetric spaces (see Section 3.1): we have reproved the classical results for quadrics and Grassmannians and got new ones for the rest. Furthermore we have proved that, as in the case of Grassmannians, on the isotropic Grassmannian the universal quotient bundle is-up to a twist by a line bundlethe only uniform vector bundle of lowest rank which does not split as a sum of line bundles.
Finally we show how to apply our results to the study of Fano bundles. Recall that a vector bundle E on X is Fano if PðEÞ is a Fano manifold. It is known that if E is a Fano bundle on X then X is also Fano [27] , Theorem 1.6, and the problem of classification of Fano bundles on a particular Fano manifold appears naturally when classifying Fano manifolds. For instance, rank two Fano bundles on projective spaces or quadrics are completely classified, see [27] , [26] and [1].
We have dealt here with the problem of low rank Fano bundles on Grassmannians (see Theorem 5.16), obtaining (see Corollary 5.17) that any Fano bundle of rank two on Gð1; nÞ, n f 5, which does not split as a sum of line bundles is a twist of the universal quotient bundle. The main idea in the proof is to consider the restriction of the bundle to the maximal dimensional linear spaces of the Grassmannian and to prove that they split as direct sums of line bundles. These restrictions are not necessarily Fano, but verify a weaker property, namely they are 1-Fano (see Definition 5.1). This property still allows us to use techniques similar to those used in [1] and conclude that 1-Fano bundles on P n , n f 4, are direct sums of line bundles (in fact a stronger result is true, see Corollary 5.11). In particular Fano bundles on Grassmannians are uniform, and then the classification previously obtained finishes the work.
Conventions and definitions
Along this paper we will work with smooth complex projective varieties. Given a vector bundle E on a variety X , PðEÞ will denote the Grothendieck projectivization of E, i.e.
We will mostly concentrate on Fano manifolds of Picard number one. If this is the case, we will denote by O X ð1Þ, or by Oð1Þ if there is no possible confusion, the ample generator of the Picard group of X . Then, given an algebraic cycle a in X of dimension m, we call degree of a the integer degðaÞ ¼ a Á c 1 À O X ð1Þ Á m . A rational curve of degree one on a Fano manifold X is called a line. As usual, the degree of a vector bundle will be the degree of its first Chern class.
We will say that E splits if it can be decomposed as a sum of line bundles, otherwise E will be called non-split.
Given a smooth projective variety X , we will consider families of rational curves on X , that is, irreducible components of the scheme RatCurves n ðX Þ (see [20] , II.2). We say that a family M is unsplit if M is a proper C-scheme. Given a vector bundle E on X and a family of rational curves M on X , we say that E is uniform with respect to M, if the restriction of E to the normalization of every curve l in M is isomorphic to Oða 1 Þ l Á Á Á l Oða r Þ, with a 1 f Á Á Á f a r fixed. The r-tuple ða 1 ; . . . ; a r Þ is called the splitting type of E with respect to M.
Given a smooth variety X and a family of rational curves parametrized by M such that M x is proper for the general point x A X , the variety of minimal rational tangents (VMRT for short) at x is the closure of the set of points in PðW X ; x Þ corresponding to the tangent lines of the general curves of the family M passing by x. We refer to [17] for a complete account on the VMRT.
The Grassmannian variety parametrizing linear projective subspaces of dimension k in P n , for which we follow the conventions of [3] , will be denoted by G ¼ Gðk; nÞ. We will denote by Q the rank k þ 1 universal quotient bundle and by S 4 the rank n À k À 1 universal subbundle, related in the universal exact sequence
The projectivization of Q provides the universal family of P k 's in P n :
Gðk; nÞ P n :
The variety G ¼ Gðk; nÞ contains three distinguished families of linear spaces: the family of lines parametrized by the flag manifold Fðk À 1; k þ 1; nÞ, a family of P kþ1 's (i.e. subschemes P kþ1 H G of degree 1) parametrized by a Grassmannian Gðk þ 1; nÞ and a family of P nÀk 's parametrized by Gðk À 1; nÞ. The last two types will be called a and b-spaces. Notice that in the case k ¼ n À k À 1, choosing which family is of a or b-spaces is equivalent to choosing which universal bundle is the universal quotient bundle.
The variety G is covered by an unsplit family of lines, parametrized by a smooth rational homogeneous space that we denote by Fðk À 1; k þ 1; nÞ. It is the flag manifold parametrizing chains L kÀ1 H L kþ1 H P n of subspaces of dimensions k À 1 and k þ 1 in P n .
Given a rank ðn þ 1Þ matrix A, we may consider the subscheme G A ðk; nÞ H Gðk; nÞ parametrizing isotropic subspaces of dimension k in P n . Later on we will consider the isotropic and symplectic isotropic Grassmannians,
where Q is symmetric and L is skew-symmetric, respectively.
We will denote by Q n (or just Q when its dimension is not relevant) the n-dimensional smooth quadric.
Finally, given any real number a, we will denote by bac (resp. by dae) its round-down (resp. round-up).
Splitting criteria for vector bundles on Fano manifolds
In this section we present a splitting criterion for vector bundles of small rank on varieties covered by lines. Its proof goes through the construction of a quotient F of the vector bundle E which is trivial on lines. The classical argumentation for a statement of this type relies on a descent lemma due to Forster, Hirschowitz and Schneider (cf. [13] ), that reduces the existence of F to the vanishing of a certain group of cohomology. This was the point of view of, for instance, Guyot's classification of uniform vector bundles on Grassmannians, [14] . The use of the descent lemma may be substituted in some cases by a more precise argument in which the concrete cycles that control the descent, and not the whole group of cohomology are considered. This idea appears already in the classification of uniform vector bundles on quadrics due to Kachi and Sato (cf. [19] , Theorem 4.1). In this paper we use a geometric reformulation of this argument involving rational curves. We will also make use of the characterization of uniform vector bundles of constant splitting type on Fano manifolds due to Andreatta and Wiśniewski (cf. [2] , Proposition 1.2).
Let X be a Fano manifold of Picard number one, denote by Oð1Þ the ample generator of PicðX Þ and assume that X admits an unsplit covering family of rational curves M. Denoting by U the universal family, which has a natural P 1 -bundle structure over M, we get the diagram
Given any subset Y H X we denote M Y :¼ p 2 p À1 1 ðY Þ, and by LocusðMÞ Y the subscheme p 1 p À1 2 ðM Y Þ of points lying in curves of the family M meeting Y . Note that for every point x the variety M x is proper by hypothesis.
Theorem 3.1. Let X be a Fano manifold of Picard number one admitting an unsplit covering family of rational curves M and let r be a positive integer smaller than or equal to dim M x . Assume that dim H 2s ðM x ; CÞ ¼ 1 for all s e br=2c and every x A X . Then the only uniform vector bundles of rank r on X are direct sums of line bundles.
Remark 3.2. The criterion can be easily checked for many examples of Fano manifolds, e.g. projective spaces, quadrics and others. Notice that if X admits an embedding for which the curves parametrized by M are lines, then M x coincides with the VMRT of X at x. For projective spaces, Theorem 3.1 tells us that the only uniform vector bundles on P n of rank smaller than n are direct sums of line bundles. The result is sharp, since T P n is nonsplit, and it was first obtained in [28] and [25] .
In the case of quadrics, Theorem 3.1 provides the same statement as in [19] , Theorem 4.1. Corollary 3.3. Let Q be a smooth quadric of dimension n, with n f 5 odd (resp. even). The only uniform vector bundles on Q of rank smaller than or equal to n À 2 (resp. n À 3) are direct sums of line bundles.
Proof. Notice that in this case M x ¼ Q nÀ2 (cf. [17] ) and denote
which is then equal to n À 2 if n is odd and ðn À 2Þ=2 À 1 if n is even. If n is odd we may apply the criterion to every vector bundle of rank smaller than or equal to n À 2 ¼ dim M x ¼ s 0 . If n is even we need to assume also that br=2c e s 0 ¼ ðn À 4Þ=2, i.e. r e n À 3. r Proof of Theorem 3.1. Let E be a vector bundle of rank r. If the splitting type of E is constant, then it is a direct sum of line bundles by [2] , Proposition 1.2. Hence we may assume, after dualizing if necessary, that E has splitting type ða 1 ; . . . ; a k ; . . . ; a r Þ; with a 1 ¼ Á Á Á ¼ a k < a kþ1 e Á Á Á e a r ;
where k e br=2c.
We will prove that E splits by induction on r. Since the only Fano manifold of dimension 1 is P 1 , for which the result is known, we may assume that dim X > 1. Then Kodaira Vanishing Theorem allows us to reduce the proof to showing that E admits a surjective morphism onto a direct sum of line bundles.
Let us first construct the family of minimal sections of E over curves of M. With this we mean the family of rational curves on PðEÞ determined by surjective maps
Denote by O U ð1Þ the tautological line bundle of the P 1 -bundle p 2 : U ! M. With the same notation as above, denote by F the vector bundle
Notice that every element of F 4 corresponds to a pair ðl; sÞ, where l is a curve of M and s is a morphism
EÞ and we get a commutative diagram:
For every point x A X the map e p 1 p 1 provides a morphism
which is constant by Lemma 3.4 below. Note that k e br=2c, so by hypothesis H 2s ðM x ; CÞ has dimension one for every s e k.
In this way the image of e p 1 p 1 is a projective subbundle PðE 0 Þ H PðEÞ, and the vector bundle E 0 is a quotient of E that has constant splitting type on every curve l A M. Then we may apply [2] , Proposition 1.2, in order to conclude that E 0 is isomorphic to O X ðbÞ lk for some b. This concludes the proof. r Lemma 3.4. Let k < r be positive integers and M be a projective variety of dimension bigger than or equal to r verifying that dim H 2s ðM; CÞ ¼ 1 for every s ¼ 1; . . . ; k. Then the only morphisms from M to Grassmannians Gðk À 1; r À 1Þ are constant.
Proof. Let j : M ! Gðk À 1; r À 1Þ be a morphism and consider the restrictions j Ã S, j Ã Q of the dual of the universal bundle and of the universal quotient bundle on Gðk À 1; r À 1Þ, respectively. Denote by d 1 ; . . . ; d rÀk and by c 1 ; . . . ; c k their Chern classes. Note that our hypothesis on the cohomology of M allows us to identify the c i 's with integers.
From the exact sequence
we get the equality of polynomials:
ðÀ1Þ j d j t j :
Notice that in principle this equality is satisfied only modulo t dim M ; that is why we need to assume that dim M f r. We may write this equation in the following way:
and we see that if any c i is di¤erent from zero then the matrix A has maximal rank, a contradiction. Therefore
Notice that the conclusion of Lemma 3.4 also holds if we only assume that M is chain-connected by projective varieties of dimension bigger than or equal to r and whose 2s-th cohomology group has dimension one for all s ¼ 0; . . . ; br=2c. In particular we obtain the following: Corollary 3.5. Let X be a Fano manifold of Picard number one covered by an unsplit family of rational curves M and let r be a positive integer. Assume further that for every x A X , M x is chain-connected by projective varieties of dimension bigger than or equal to r whose 2s-th cohomology group with complex coe‰cients has dimension one for all s ¼ 0; . . . ; br=2c. Then X does not admit uniform vector bundles of rank smaller than r, apart of direct sums of line bundles.
It is classically known that the VMRT at every point of the Grassmannian Gðk; nÞ is the Segre embedding of P k Â P nÀkÀ1 in PðW 1 G Þ x ¼ PðQ 4 n SÞ x . We refer the interested reader to [21] for a description of the VMRT of rational homogeneous spaces covered by lines. See also [17] , Section 1.4, where the VMRT's of many examples of Fano manifolds are shown. Since P k Â P nÀkÀ1 is chain-connected by linear subspaces of dimension minfk; n À k À 1g, we obtain the following:
Corollary 3.6. The only uniform vector bundles of rank r < minfk þ 1; n À kg on a Grassmannian Gðk; nÞ are direct sums of line bundles.
More generally, for Fano manifolds covered by linear spaces, we may state a splitting criterion independent on the rank: Corollary 3.7. Let X H P N be a Fano manifold of Picard number one covered by a family L of linear subspaces of dimension d f 2, and assume that at every point x A X the VMRT of X at x associated to the family of lines is chain-connected by the corresponding linear spaces of dimension d À 1. Let E be a vector bundle on X verifying that Ej L is a direct sum of line bundles for every L of L. Then E is a direct sum of line bundles.
Proof. We argue as in Theorem 3.1, and use the same notation. Given a linear space L of the family L and a line l H L, take any point x A l and denote by L 0 the linear sub-space of the VMRT of X at x corresponding to tangent directions to L at x. By hypothesis any surjective morphism Ej l ! O l lifts to a unique E L ! O L . In particular the morphism e p 1 p 1 x : M x ¼ VMRT x ! Gðk À 1; r À 1Þ constructed as in the theorem is constant on L 0 , and so it is constant on the VMRT. r 3.1. Uniform vector bundles on Hermitian symmetric spaces. We have already applied our criteria to uniform vector bundles on quadrics and Grassmannians. In this section we show, as an example, how our methods work for other Hermitian symmetric spaces. We refer the reader to [21] or [17] for the description of their VMRT's.
Let us introduce the following notation. Given a Fano manifold X of Picard number one and an unsplit covering family of rational curves M we will denote by uðX ; MÞ, or simply by uðX Þ if the family M is clear, the maximum positive integer verifying that every uniform vector bundle on X of rank e uðX Þ is a direct sum of line bundles, and we call it the splitting threshold for uniform vector bundles on X . If X is a homogeneous Fano manifold of Picard number one, then T X is a non-split homogeneous bundle, in particular uðX Þ < dim X .
In the following table we show the possible values of uðX Þ for Hermitian symmetric spaces. The last column shows non-split and uniform vector bundles F of rank uðX Þ þ 1: The case of P n is classical (cf. [25] ), but we recover it as follows: Theorem 3.1 tells us that uðP n Þ f n À 1 and on the other hand the tangent bundle is non-split and uniform, hence uðX Þ equals n À 1. In a similar way, Theorem 3.1 provides the estimation presented in the table for the symplectic Grassmannian, which is sharp since the universal quotient bundle Q is non-split.
For the Grassmannian Gðk; nÞ (for simplicity we have chosen here k e n=2) the value of uðX Þ follows from Corollary 3.6 and the fact that Q is non-split, again.
The estimation obtained for the Hermitian symmetric spaces corresponding to E 6 , and E 7 can be obtained, once we know the cohomology of their VMRT's, by applying directly Theorem 3.1. In the first case, the corresponding VMRT is G Q ð4; 9Þ, which verifies (see, for instance, [10] ) that For the space corresponding to E 7 we need to know the cohomology of the Cayley plane C :¼ OP 2 n C R, that verifies (cf. [18] ):
Let us remark that the same result is obtained by applying Barth-Larsen Theorem (cf. [22] , Theorem 3.2.1) to the usual embedding of these two varieties in a projective space.
Finally, we consider the isotropic Grassmannian G Q ðm À 1; 2m À 1Þ (parametrizing any of the two families of P mÀ1 's contained in a quadric of dimension 2m À 2). Notice that the universal quotient bundle on G Q ðm À 1; 2m À 1Þ is non-split and has rank m, hence u À G Q ðm À 1; 2m À 1Þ Á < m. Thus the value of u follows from the following proposition:
Proposition 3.8. Every uniform vector bundle on G Q ðm À 1; 2m À 1Þ of rank smaller than or equal to m À 1 is a direct sum of line bundles.
The proof of this result follows from Lemma 3.9 below, in the same way as Theorem 3.1 follows from Lemma 3.4. Lemma 3.9. There are no non-constant maps from Gð1; nÞ to Gðk À 1; n À 1Þ, for every k A f1; . . . ; n À 1g.
Proof. Assume we have a non-constant morphism f : Gð1; nÞ ! Gðk À 1; n À 1Þ, and denote by c its restriction to a linear space P nÀ1 H Gð1; nÞ. Notice that since f is non-constant, then c is non-constant, too. Denote by c 1 ; . . . ; c k and d 1 ; . . . ; d nÀk the Chern classes of c Ã Q and c Ã S, respectively, and by C 1 ; . . . ; C k and D 1 ; . . . ; D nÀk the Chern classes of f Ã Q and f Ã S, respectively.
Arguing as in Lemma 3.4 we obtain an equation
Notice that we may assume that c k and d nÀk are di¤erent from zero, otherwise the above equation would imply c 1 ¼ 0, contradicting that c is non-constant.
On the other side, a similar argumentation with f tells us that C k Á D nÀk ¼ 0. In order to show that this contradicts that c k and d nÀk are non-zero, we may use some Schubert calculus. Let us fix some notation first.
We will denote by Z k i the Schubert cycle in Gð1; nÞ of codimension k determined by the partition ðk À i; iÞ, i.e. the cohomology class of the set parametrizing lines of P m contained in a fixed P mÀi and meeting a fixed P mÀ1Àkþi H P mÀi .
With this notation we may write
where the a i 's and the b j 's are non-negative integers by the nefness of Q and S, cf. [7] and [22] , 8.2. Pieri's formula tells us that
where all the elements of this sum are linear combination of Schubert cycles with non-negative coe‰cients, by the Littlewood-Richardson formula. In particular it follows that a 0 b 0 ¼ 0, a contradiction. r
Uniform vector bundles on Grassmannians
In this section we use some geometric arguments to go one step further from Theorem 3.1 in the classification of uniform vector bundles of low rank on Grassmannians. This result was previously obtained by Guyot, [14] .
Applying Corollary 3.6 to Grassmannians we already know that the only uniform vector bundles on Gðk; nÞ of rank smaller than minfk þ 1; n À kg are direct sums of line bundles. In this section we prove that, up to twist by a line bundle, the only non-split uniform vector bundle of rank equal to minfk þ 1; n À kg is the universal bundle of smaller rank. Summing up we obtain the following: Theorem 4.1. Let G ¼ Gðk; nÞ be the Grassmannian variety parametrizing linear projective subspaces of dimension k in P n , k e n À k À 1, and let E be a uniform vector bundle on G of rank r e k þ 1. Then E is a direct sum of line bundles unless it is a twist of either the universal quotient bundle Q or its dual Q 4 .
By assumption E is uniform of rank r e k þ 1 on G, hence we may restrict to a-and b-spaces and use the classification of uniform vector bundles on projective spaces [23] , Theorem 3.2.3. Notice that uniform vector bundles on projective spaces of rank smaller than or equal to the dimension are completely determined by their Chern classes. This implies that the restrictions of E to two a-(respectively b-)spaces are isomorphic, and we may distinguish three cases:
(1) The restriction of E to every a-and b-space is a direct sum of line bundles. This case has been already considered in Corollary 3.7.
(2) The restriction Ej L is a twist of T L or W L for every a-space L and Ej M is a direct sum of line bundles for every b-space M.
(3) k ¼ r À k À 1 and the restrictions of E to every a-or b-space L are isomorphic to a twist of T L or W L .
Our first task will be discarding the third case. Claim 4.2. With the same notation as above, the restriction of E to either an a-or a b-space is a direct sum of line bundles.
Proof. On the contrary, we will assume that k ¼ r À k À 1 and the restrictions of E to every a-and b-space are non-split. By the classification of uniform vector bundles of rank k on P k (cf. [11] ) we may assume, after dualizing and/or twisting E with an appropriate line bundle O G ðaÞ, that Ej L is isomorphic to W L ð2Þ, for every a-or b-space L. The main idea of the proof is the following: For every point g A G and every a-or b-space containing it we obtain, in the same way as in the proof of Theorem 3.1 a map from P kÀ1 to PðE g Þ which is an isomorphism by hypothesis. We will show that the existence of these isomorphisms for every a-and b-space passing by g leads to a contradiction.
Let us consider two a-spaces L 1 and L 2 meeting at one point g, and denote by P 1 and P 2 the projective spaces parametrizing lines through g in L 1 and L 2 , respectively. By Lemma 4.3 below, there is an isomorphism f : P 1 ! P 2 , verifying that every pair of lines r, fðrÞ lies on a b-space.
On the other hand, consider the restriction of E to any line l i H L i passing by g. Since Ej l i is isomorphic to W L i ð2Þj l i G O l Oð1Þ lk , the unique surjective map from it onto O determines a point c i ðl i Þ A PðE g Þ. In fact, since E g G W L i ; g then the map c i : P i ! PðE g Þ is a linear isomorphism. The map c :¼ c À1 2 c 1 gives a second isomorphism from P 1 to P 2 , that we want to study together with f.
A fixed point for c À1 f provides a line l A P 1 verifying fðlÞ ¼ cðlÞ, i.e. c 1 ðlÞ ¼ c 2 À fðlÞ Á . But l and fðlÞ are contained in a b-space M. In the same way as for L i 's, the minimal sections over lines in M through g provide a linear isomorphism between the set of lines through g in M and PðE g Þ, contradicting that c 1 ðlÞ ¼ c 2 À fðlÞ Á . r
We have made use of the following lemma, which is a straightfoward consequence of the fact that the VMRT of G at any point g is isomorphic to the Segre variety P k Â P nÀkÀ1 , whose maximal linear spaces correspond to the a-and b-spaces in G through g. Lemma 4.3. With the same notation as above, let L 1 and L 2 be two a-(resp. b-)spaces meeting at one point g. Given any line l 1 H L 1 passing by g, there exists a b-(resp. a-)space M meeting L 1 in l 1 and L 2 in a line l 2 . This construction provides a linear isomorphism f between the set of lines in L 1 by g and the set of lines in L 2 by g.
Finally we will show that the only vector bundles in case (2) are twists of the universal quotient bundle or its dual. Proposition 4.4. With the same notation as above, assume that the restriction Ej L is a twist of T L or W L for every a-space L and Ej M is a direct sum of line bundles for every b-space M. Then E is a twist of either the universal quotient bundle Q or its dual Q 4 .
Proof. Twisting with an appropriate power of O G ð1Þ and dualizing if necessary we may assume that the restriction of E to an a-space L is isomorphic to W L ð2Þ and to a b-space M is isomorphic to O M l O M ð1Þ lk .
We will consider the family of b-spaces:
Fðk À 1; k; nÞ
Gðk À 1; nÞ Gðk; nÞ:
Arguing as in Theorem 3.1, the subsheaf
is a line bundle, whose restriction to any fiber of p 2 is trivial. It provides a surjective morphism p Ã 1 E ! F , and so a morphism c fitting in the following commutative diagram: The morphism c may be also described in the following way: its restriction cj p À1 2 ðxÞ is determined by the only surjective morphism Ej p 1 ð p À1 2 ðxÞÞ ! O, that provides a section j of p over p 1 À p À1 2 ðxÞ Á , and cj p À1 2 ðxÞ ¼ j p 1 :
Note that Fðk À 1; k; nÞ is isomorphic to P À Q 4 ð1Þ Á and its dimension equals dim PðEÞ, hence it su‰ces to show that c is injective.
Given two b-spaces M 1 and M 2 meeting at a point g, the images of the corresponding liftings j 1 and j 2 meet PðE g Þ in two points, y 1 and y 2 , respectively. We may take an a-space L meeting them in two lines l 1 ¼ L X M 1 and l 2 ¼ L X M 2 , as described in Lemma 4.3. But Ej L G W L ð2Þ, then
because j i ðl i Þ X PðE g Þ is the point in PðE g Þ corresponding to the tangent direction to l i at g in L. This concludes the proof. r A similar argument, together with the classification of uniform vector bundles of rank n þ 1 on P n (cf. [12] and [5] ), can be applied to isotropic Grassmannians: Proposition 4.5. Every uniform vector bundle on the isotropic Grassmannian G Q ðm À 1; 2m À 1Þ of rank m is decomposable unless it is a twist of the universal quotient bundle Q or its dual.
Proof. We may assume m f 4, since on G Q ð1; 3Þ G P 1 and on G Q ð2; 5Þ G P 3 the result is well-known. Recall that QG :¼ G Q ðm À 1; 2m À 1Þ is covered by P mÀ1 's, and the corresponding family is parametrized by QG:
Moreover G Q ðm À 2; 2m À 1Þ equals the projectivization of the dual of the universal quotient bundle Q. Hence, it su‰ces to show that PðEÞ or PðE 4 Þ are isomorphic to G Q ðm À 2; 2m À 1Þ as QG-schemes.
Let E be a uniform vector bundle on QG :¼ G Q ðm À 1; 2m À 1Þ and assume that E is not a direct sum of line bundles. Given any P mÀ1 H QG the restriction Ej P mÀ1 cannot be decomposable. Otherwise, since rank m uniform vector bundles on P mÀ1 are determined by their Chern classes (see [12] and [5] ), it would be decomposable for every P mÀ1 , and E would be decomposable by Corollary 3.7. It follows that, up to dualizing and twisting, E is isomorphic to W P mÀ1 ð2Þ l O P mÀ1 ðaÞ, cf. [12] and [5] . We claim that a ¼ 0. In fact if it is not one easily sees that, after dualizing and/or twisting conveniently, the splitting type of E would take the form ð0 ¼ a 0 < a 1 e Á Á ÁÞ. Arguing as in Theorem 3.1 we would get a morphism Gð1; m À 1Þ ! P mÀ1 for every point of QG. Since these morphisms are necessarily constant we would get a surjective map from E onto a line bundle, whose kernel, by Proposition 3.8 is a direct sum of line bundles. It would follow that E is decomposable, a contradiction.
As a consequence, given any P mÀ1 H QG, there is a unique surjective map Ej P mÀ1 ! O P mÀ1 , providing a unique minimal section P mÀ1 ,! PðEj P mÀ1 Þ. Arguing as in Proposition 4.4 we may lift the family of P mÀ1 's in QG to a family in PðEÞ:
The proof is finished by showing that c is an isomorphism. Since c is a morphism of QG-schemes, it su‰ces to show that the restriction cj p À1 1 ðxÞ : p À1 1 ðxÞ ! p À1 ðxÞ is an isomorphism for every x. Fix a point x A QG and let M be a P mÀ1 containing it. Denote by j the restriction:
which is a morphism of M-schemes. By Lemma 4.6 below j is either a linear isomorphism at every fiber or it factors via p 1 j p À1 1 ðMÞ . But if the latter happens for a P mÀ1 , then c contracts vertical lines, and consequently it factors through p 1 , providing a section of p. In this case we would get a surjection from E to a line bundle, whose kernel would be decomposable by Proposition 3.8, and E would be decomposable, too. r Lemma 4.6. Let j : P À W P n ð2Þ l O P n Á ! P À W P n ð2Þ l O P n Á be a morphism of P n -schemes, n f 3. Then either j is an isomorphism or it factors through the natural projection p : P À W P n ð2Þ l O P n Á ! P n .
Proof. Let us begin by recalling some features of X :¼ P À W P n ð2Þ l O P n Á . The unique surjection W P n ð2Þ l O P n ! O P n determines a distinguished section of p : X ! P n whose image we denote by S. Given a line l H P n , a surjective morphism
provides a section of X :¼ PðEÞ over l, whose numerical class determines an extremal ray of NEðX Þ and a contraction t : X ! Y , where Y is a cone with vertex one point and base the Grassmannian Gð1; nÞ. Every fiber of t is a minimal section of PðEÞ over a line, except for the fiber over the vertex of Y , that is S. Given a point x A P n and a line l C x, the minimal sections of p over l cut the fiber p À1 ðxÞ at the points of a line rðl; xÞ H p À1 ðxÞ. Moreover the line rðl; xÞ H p À1 ðxÞ contains the point O x :¼ p À1 ðxÞ X S.
Given a morphism j : X ! X of P n -schemes, its restriction j x :¼ jj p À1 ðxÞ is either constant or surjective onto p À1 ðxÞ. If the former happens for a point x A P n , then j factors via p. Therefore we may assume that jj p À1 ðxÞ is surjective for every x, and it su‰ces to show that in this case j x is linear for some x.
In this case the composition t j factors through t necessarily ( just take the Stein factorization of the morphism t j)
and consequently the image of a minimal section of PðEÞ over a line l is a minimal section over l, too. In particular, if the degree of j is bigger than one, then the preimage of a general minimal section r would contain at least two minimal sections r 1 and r 2 verifying pðrÞ ¼ pðr 1 Þ ¼ pðr 2 Þ. In particular r 1 X p À1 ðxÞ and r 2 X p À1 ðxÞ lie in rðl; xÞ.
As a consequence, the morphism j x verifies the following property: for every P A p À1 ðxÞ, j À1
x ðPÞ H rðl; xÞ C O x . But in this case, the restriction of j x to a general hyperplane H H p À1 ðxÞ provides an immersion H G P nÀ1 ,! p À1 ðxÞ G P n :
Since n f 3, then adjunction theory tells us that this immersion is necessarily linear and so j x is linear, too. r Remark 4.7. As the referee suggested, the last part of the proof of the previous lemma follows from a result of [24] . Namely, taking a general hyperplane section Y 0 of Y such that jðY 0 Þ does not contain the vertex of Y , and composing the restriction of j to Y 0 with the projection to Gð1; nÞ we obtain a finite surjective morphism Y 0 F Gð1; nÞ ! Gð1; nÞ, which is an isomorphism by [24] , Proposition 6. This implies that j x is linear and concludes the proof.
Fano bundles on Grassmannians
In this last section we apply our results to the study of Fano bundles (i.e. bundles such that their projectivization is a Fano manifold) on Grassmannians; in view of this goal, we need to prove that, in many cases, these bundles are uniform.
The idea is to consider the restriction to a maximal linear subspace of the Grassmannian; this restriction is not in general a Fano bundle on the projective space, but enjoys a weaker property. This motivates the following definition:
Definition 5.1. Let ðX ; HÞ be a smooth complex polarized variety and r a non-negative integer. A vector bundle E on X is called r-Fano with respect to H if ÀK PðEÞ þ rp Ã H is ample, where p : PðEÞ ! X denotes the projective bundle on X .
Let us remark that for r ¼ 0 the notion of a 0-Fano bundle is exactly that of a Fano bundle. Let us moreover notice that E is r-Fano if and only if the Q-vector bundle
is ample. It is clear from the definition that r-Fano implies ðr þ 1Þ-Fano.
Inspired by the classification of Fano bundles on projective spaces, we study r-Fano bundles of rank two over the projective space. We first prove that, if r is small with respect to some function of the dimension of the base space and of the first Chern class of the bundle E, then E splits; then we focus on the case r ¼ 1 proving that every rank two 1-Fano bundle on P n splits if n f 4.
We follow the ideas in [1] and [27] .
To simplify notations we always consider E to be normalized, that is, c 1 ðEÞ ¼ e, with e ¼ 0 or À1. We will denote by c 2 the second Chern class of E.
Denote by a the class modulo 2 of n þ 1 þ r À e and let m be such that 2m ¼ n þ 1 þ r À e þ a. With this choice of m the bundle EðmÞ is ample and the vanishing theorems of Le Potier and Gri‰ths (cf. [22] , Theorems 7.3.5, 7.3.1) read as follows:
Lemma 5.2. With the same notation as above, we have:
and (Gri‰ths) H i À P n ; Eð jÞ
Hence Eðm þ r þ 1 þ aÞ is 0-regular in the sense of Castelnuovo-Mumford and in particular:
Lemma 5.3. With the same notation as above, the vector bundle Eðm þ r þ 1 þ aÞ is globally generated.
It is well known that not every pair ðe; c 2 Þ can appear as the Chern classes of a vector bundle F . First of all, the integrality of the Euler characteristic can be rephrased in the following well known result (see [23] , pp. 112-113):
Lemma 5.4 (Schwarzenberger conditions). Let F be a rank two vector bundle on P n , and let c 1 and c 2 denote its Chern classes. Then: S 3 : c 1 c 2 1 0 (mod 2), S 4 : (¼ S 5 ) c 2 ðc 2 þ 1 À 3c 1 À 2c 2 1 Þ 1 0 (mod 12), S 6 : À2c 3 2 þ 254c 2 2 À 1644c 2 1 0 (mod 720) if c 1 ¼ À1 and À2c 3 2 þ 170c 2 2 À 548c 2 1 0 (mod 720) if c 1 ¼ 0.
Second, the positivity of a vector bundle F allows us to bound its second Chern class in terms of the first (cf. [22] , 8.3):
Lemma 5.5 (Schur polynomials). Let F be a nef rank two Q-twisted vector bundle on P n , and let c 1 and c 2 denote its Chern classes. Then the following inequalities are fulfilled: If F is ample, then all the inequalities are strict.
We will distinguish two cases, depending on the stability of the vector bundle E. We refer the interested reader to [23] , Chapter II, for details on stability of vector bundles. For our purposes it is enough to know the following:
Lemma 5.6. Let F be a rank two vector bundle on P n , n f 2, of degree c 1 ðEÞ ¼ 0 or À1. The following conditions are equivalent:
Moreover, in this case the d i s c r i m i n a n t DðF Þ :¼ c 2 1 ðF Þ À 4c 2 ðF Þ is negative.
Through the following two subsections we will make use several times of explicit computations, such as Riemann-Roch formula, Schur polynomials or Schwarzenberger formulas. We have skipped here some of these computations, that can be easily checked using standard computer software.
5.1. 1-Fano bundle with negative discriminant. Throughout this subsection we will assume that DðEÞ < 0.
Consider the following functions:
2n À 3 3 À a; if n f 8:
Proposition 5.7. Let E be a rank two r-Fano bundle on P n , n f 6. If DðEÞ < 0 then r f h a ðnÞ.
Proof. We consider the vector bundle F ¼ Eðm þ r þ 1 þ aÞ which is globally generated by (5.3) . Since F is globally generated then a general section vanishes in a smooth irreducible subvariety of P n of codimension two. Hence, if r < h a ðnÞ, we apply [1], Proposition 5.2 (which is based on [16] , Corollary 3.4, Proposition 6.1) to conclude that F splits as a sum of line bundles, hence DðEÞ ¼ DðF Þ f 0, a contradiction. r In the particular case r ¼ 1 we get:
Corollary 5.8. Let E be a normalized 1-Fano bundle of rank two on P n and degree e. Then:
If n f 7, then DðEÞ f 0.
If n ¼ 6, then DðEÞ f 0 unless e ¼ À1.
In the next proposition we will study the low dimensional cases in order to get: Proposition 5.9. Let E be a normalized 1-Fano bundle of rank two on P n , n f 4. Then DðEÞ f 0.
Proof. Assume, on the contrary, that DðEÞ < 0 (equivalently c 2 > 0). We begin by reducing the possible set of values of ðe; c 2 Þ by applying Lemma 5.4 to E and Lemma 5.5 to E À ði X þ 1 À eÞ=2 Á . A direct computation shows that the only possibilities are listed in the following [9] , see also [8] ) that the only stable bundle with these Chern classes is the Horrocks-Mumford bundle F HM on P 4 . But F HM is not 1-Fano, because there are 25 lines in P 4 for which ðF HM Þ jP 1 G O P 1 ðÀ1Þ l O P 1 ð6Þ (cf. [6] , Proposition 14) . This concludes the proof. r 5.2. 1-Fano bundle with non-negative discriminant. Throughout this subsection we will assume that DðEÞ f 0 (equivalently c 2 ðEÞ e 0). In particular E is unstable.
Let us consider now the functions r a ðn; e; c 2 Þ ¼ 1 3 n À 7 þ e À 2 e 2 À ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n À 1 þ DðEÞ 4 r $ % ! À a for a ¼ 0; 1:
Proposition 5.10. Let E be a normalized rank two r-Fano bundle on P n , n f 2. Let e ¼ c 1 ðEÞ, c 2 ¼ c 2 ðEÞ and a be the class modulo 2 of n þ 1 þ r À e. Assume that DðEÞ f 0 and r e r a ðn; e; c 2 Þ. Then E splits as a sum of line bundles.
Proof. We will show that there exists s such that (1) EðsÞ is globally generated, and (2) c 2 À EðsÞ Á < ðn À 1Þ À c 1 À EðsÞ Á À n þ 2 Á , hence we may apply [1], 3.2 (based on [16] , Theorem 4.2) and conclude that E splits as a sum of line bundles.
The first condition is fulfilled if s f m þ r þ 1 þ a, whereas for the second we need:
This inequality is equivalent to
Notice that there is always an integer in this interval. In fact n f 2, and DðEÞ f 0 by hypothesis. Hence the required conditions are fulfilled whenever
and this inequality is equivalent to r e r a ðn; e; c 2 Þ. r
Adding this result to Proposition 5.7 we get the following numerical criterion for the splitting of rank two vector bundles:
Corollary 5.11. Let E be a normalized rank two r-Fano bundle on P n , n f 2. Let e ¼ c 1 ðEÞ, c 2 ¼ c 2 ðEÞ and a be the class modulo 2 of n þ 1 þ r À e. Assume that r e minfdh a ðnÞe À 1; r a ðn; e; c 2 Þg:
Then E splits as a sum of line bundles.
Applying Proposition 5.10 to 1-Fano bundles we get:
Corollary 5.12. Let E be a normalized 1-Fano bundle of rank two on P n , with DðEÞ f 0. Then: If n f 7, then E splits as a sum of line bundles.
If n ¼ 6 and E does not split as a sum of line bundles, then c 1 ðEÞ ¼ À1 and c 2 A fÀ1; 0g.
If n ¼ 5 and E does not split as a sum of line bundles, then c 1 ðEÞ ¼ 0 and c 2 A fÀ5; . . . ; 0g.
If n ¼ 4 and E does not split as a sum of line bundles, then either c 1 ðEÞ ¼ À1 and c 2 A fÀ9; . . . ; 0g, or c 1 ðEÞ ¼ 0 and c 2 A fÀ1; 0g.
In order to rule out the cases n ¼ 4; 5; 6 we first use Lemma 5.4, that provides severe restrictions on the numerical invariants of E: Lemma 5.13. Let E be a normalized 1-Fano bundle of rank two on P n , n f 4, with DðEÞ f 0, and assume that E is not isomorphic to a direct sum of line bundles. Then e and c 2 take one of the following values: dim e c 2 4 À1 0; À2; À6 or À8 4 0 0orÀ1 5 0 0; À1 or À4 6 À1 0
Finally we will rule out the cases left from Lemma 5.13. Denote by b the minimum integer such that EðbÞ has global sections. Assume that E is non-split with DðEÞ f 0. Then E is unstable and b is non-positive by Lemma 5.6. Moreover using duality and Le Potier vanishing (see Lemma 5.2) we get:
The first inequality is strict because c 2 ðEÞ e 0, hence b equals 0 if and only if E splits.
Note that the vanishing of H 0 À P n ; Eðb À 1Þ Á implies that c 2 À EðbÞ Á is either positive or zero. In the second case E splits, hence we may assume that c 2 À EðbÞ Á ¼ c 2 þ eb þ b 2 > 0. This already rules out the cases n ¼ 4, e ¼ À1 and c 2 ¼ À6 or À8.
The rest of the cases may be excluded by showing that the numerical class À c 1 À O PðEÞ ð1Þ Á þ mc 1 À p Ã À O P n ð1Þ ÁÁÁ n has negative intersection with the class of a divisor D in a non-empty linear system jO PðEÞ ð1Þðb 0 Þj. Since c 1 À O PðEÞ ð1Þ Á þ mc 1 À p Ã À O P n ð1Þ ÁÁ is an ample class, we get a contradiction. In the following table we show the possible values d of this intersection number for suitable choices of b 0 f b:
0 À1 or À2 À1 À94 4 À1 À2 À2 À2 À187 4 0 0 À1 or À2 À1 À27 4 0 À1 À2 À2 À104 5 0 0 À1; À2 or À3 À1 À256 5 0 À1 À2 or À3 À2 À1198 5 0 À4 À3 À3 À1904 6 À1 0 À1; À2 or À3 À1 À7433
Summing up, we have obtained the following Proposition 5.14. Let E be a 1-Fano bundle of rank two on P n , n f 4, with DðEÞ f 0. Then E splits as a sum of line bundles.
Adding this result to Proposition 5.9 we finally get:
Theorem 5.15. Let E be a rank two 1-Fano bundle on P n , n f 4. Then E splits as a sum of line bundles.
Rank two Fano bundles on
Grassmannians. Finally we apply the results of the previous subsections, together with the classification of rank two uniform vector bundles on Grassmannians given in Theorem 4.1, to the study of rank two Fano bundles on Grassmannians:
Theorem 5. 16 . Let E be a normalized rank two Fano bundle on the Grassmannian Gðt; n þ 1Þ, with n f 6. Denote by a the class modulo 2 of n þ 1 þ t À e. If t < minfr a ðn; eÞ; hðnÞg, then either E splits as a sum of line bundles or t ¼ 1 and E is isomorphic to the twist of the universal bundle QðÀ1Þ.
Proof. Since E is Fano then the Q-vector bundle
E
Àdet E þ ðn þ 2ÞH 2 is ample.
Denote by F :¼ Ej P nþ1Àt the restriction of E to a linear space of maximal dimension P nþ1Àt H Gðt; n þ 1Þ. Just by definition it holds that F is t-Fano with respect to H ¼ O P nþ1Àt ð1Þ. Now we can apply Theorems 5.15 and 5.7 to get that F splits as a sum of line bundles. Since rk E ¼ 2 then the splitting type of the restriction of E to any linear space of maximal dimension is independent of the linear space. Hence E is uniform, being each line of Gðt; n þ 1Þ contained in one of these linear spaces. We therefore conclude by Theorem 4.1. r
The same proof, in view of Theorem 5.15, shows that the classification is complete for rank two Fano bundles on Gð1; n þ 1Þ, n f 4:
Corollary 5.17. A Fano bundle E on Gð1; n þ 1Þ, n f 4, either splits as a sum of line bundles or is isomorphic to a twist of the universal bundle Q.
Example 5.18. The null-correlation bundle on P 3 is a Fano bundle, hence a 1-Fano bundle, which does not split as a sum of line bundles. It has c 1 ¼ 0 and c 2 ¼ 1.
The instanton bundles with natural cohomology on P 3 constructed in [15] verify that Eð2Þ is globally generated and hence Eð3Þ is ample, i.e. they are 1-Fano indecomposable bundles. They have c 1 ¼ 0 and c 2 ¼ 2; 3.
